The six elastic constants (and six elastic compliances) of rutile were determined in the kilocycle per second frequency range by a resonance method. The standard deviations range from 0.2 percent for sn to 4.3 percent for si 3 .
Introduction
The electrical properties of rutile make it a promising material for solid state electronic devices and a large literature on such properties exists and has been surveyed [1, 2, 3] . 1 Comparatively little information on the mechanical properties of rutile was available until recently. The linear compressibilities had been measured by Bridgman [4] , and a set of elastic constants was calculated from spectroscopic data by Dayal and Appalanarasimham [5] . No further work on elastic properties was apparently done until the recent independent and nearly simultaneous measurements of three groups. Vick, Hollander, and Brown [6] , determined four of the six elastic constants of rutile directly from pulse velocity measurements and calculated the other two by combining Bridgman's linear compressibilities with their own data. Verma [7] published a set of the elastic constants calculated from his pulse velocity measurements. The present writers reported [8] a set of values determined by least squares fitting of the theoretical equations for the orientation dependence for elastic moduli to a set of experimental values determined on 10 single-crystal rutile rods by resonance in the audiofrequency range. Appreciable discrepancies existed for some of the constants, especially between those of Verma and those of the other investigators. Vick and Hollander [9] checked their measurements and published a refined set of values which are little different from their first set. The most serious discrepancies were removed when it was discovered that the direction which Verma took to be [100] was in fact [110] . It is an interesting property of the 4/mmm crystalographic point group, to which rutile belongs, that the x axis may be taken as either [100] or [110] and a self consistent matrix of elastic constants results which has the same form (but three of the six constants will have different numerical values). There is thus no internal inconsistency in Verma's work but his results should be expressed in terms of [100] as the x axis to agree with the usual convention and to permit direct comparison with other values. This calculation has been done by Birch [10] and the resulting values agree fairly well with the results of other in- 1 Italicized figures in brackets indicate the literature references at the end of this paper.
vestigators but not as well as would be expected from the accuracy of methods of measurement which were used. The present writers wished to refine their data; their initial results were based upon measurements on 10 rods whose rod axes were all near the [001] axis. A comparatively large uncertainty in c n and c 66 resulted. This situation was improved when six additional rods were eventually obtained and the present results agree well with the values calculated by Birch in the sense that there is now no statistically significant difference for any of the c^. The standard deviations are, however, appreciably larger than those obtained by the authors on corundum [11] using the same resonance method. The most important source of this variability is believed to be caused by the presence of a profusion of small angle boundaries whose existence is shown by back-reflection Laue patterns.
The present paper gives the method of applying the resonance technique to tetragonal crystals because it apparently has not been previously described for this crystal system. The general method has been described previously and reference [11] may be consulted for general background.
Description of Specimens
All specimens were synthetic "single crystals'' grown by the Verneuil flame-fusion technique using an oxygen-hydrogen flame. Such specimens in the as grown state characteristically contain two types of defect: (1) they are oxygen deficient and (2) they have many small angle boundaries (as much as 2°m isorientation across a single boundary). The first type of defect is easily removed by heating in oxygen at temperatures around 1,000 °C. Parenthetically we note that the difficult problems of obtaining exact stoichiometry and of measuring small deviations from stoichiometry do not concern us here. The elastic constants do undoubtedly depend to some extent on the degree of reduction but the effect is very small as noted by Vick and Hollander [9] . We have not carried out a systematic study of the effect of reduction on all of the c tj but observations of the very small changes produced in several heavily reduced (jet black) rods indicate that the effect which the possible small remaining oxygen deficiency in our nominally stoichiometric rods may have on the c ti at room temperature is too small to be of any concern. Heavy reduction did show a measurable effect on the temperature dependence of Young's modulus at high temperature [12] but this is outside the scope of our present considerations. Our specimens were heated for about 24 hr in flowing O 2 at about 800 °C and we consider them to be effectively stoichiometric.
The second type of defect appears in all rutile single crystals examined by the authors and no method of removing it is known. Back-reflection Laue patterns were taken at random on many specimens ; perhaps one fourth of the patterns show double spots indicating a change of orientation of 1 or 2 deg. If this were a systematic, progressive change of orientation along a rod, one end would differ greatly in orientation from the other and the crystals would be useless for our work. Fortunately, as table 1 shows, this is not so. Laue patterns were taken at the center and at both ends of each rod. Duplicate patterns were taken on specimens 21 and 22 to indicate the precision of the method. The resulting standard deviations were 0.12° for 8 and 0.16° for </ > where 8 and <t> are the usual spherical polar angles. The colatitude, 0, is the angle between the rod axis and [001]; the angle <j> is the angle between [100] and the projection of the rod axis on the (001) plane. The orientation apparently shifts back and forth in a random manner from one small angle boundary to another. The average values of 8 and <t> were used for each rod in the calculations. It is hoped that better temperature, atmosphere, and powder feed control during crystal growth would reduce the number of the boundaries and this is being attempted at the National Bureau of Standards and elsewhere.
Both the Linde Co. 2 and the National Lead Co. were asked for high-purity single crystal specimens and both graciously gave us some of their production. The National Lead specimens were in the form of boules intended for gem stones, and rods cut from these proved to be too short for our use. Some of the Linde rods were long enough to permit cylinders of useful length to be ground from them. These rods are listed as numbers 21 through 30 in table 1 and our first set of elastic constants [8] 
Relation of Young's Modulus and Shear Modulus to Elastic Compliances and to Orientation
In this section the elastic moduli measured in resonance experiments are expressed in terms of the elastic compliances and the orientation. The method of solving these equations for the compliances is then described. The theory and experiment closely parallel work on corundum [11] and therefore only a brief description will be given.
In relating the elastic compliances to Young's modulus, it is necessary to distinguish between the "free" Young's modulus, Y f , and the "pure" Young's modulus, Y p , when analyzing flexural or torsional tests. The free Young's modulus is the value obtained when the specimen is completely free to deform elastically under the applied tensile stress. The pure Young's modulus is the value obtained when the specimen is tested in flexure and is prevented from twisting. In an isotropic medium the free and pure moduli are identical. Calculation of Young's modulus from, flexural vibrations of slender, cylindrical rods of nonisotropic material corresponds to measurements of Y f . For such rods the modulus determined from torsional resonance is the pure shear modulus, G p . The validity of these results is discussed by Brown [IS] ,
The following treatment develops the relation between the measured quantities, Y f and G p , and the elastic compliances, s^, expressed in the standard rectangular coordinate system for tetragonal crystals, XiX 2 x 3 , described by Nye [14] . It is convenient to introduce a rotated coordinate system, x[x 2 x z , with the £3 axis along the rod axis. The free elastic moduli for measurements along the rod axis are related to the compliances expressed in the primed coordinate system by (2)
Brown [13] and Hearmon [15] give the following equation relating the pure shear modulus, G p , to the free shear modulus, G f :
Equations (2), (3), and (4) can be combined to give
It is now necessary to express the primed quantities in eqs (1), (2), and (5) in terms of the unprimed compliances and the orientation. This is done for eqs (2) and (3) by writing out the tensor transformations and expressing the direction cosines in terms of the colatitude, 0, and the azimuth, </ >. In other words, 0 is the angle between x 3 and x' 3 and </ > is the angle between x x and the projection of x' 3 
The directions of the x[ and x' 2 axes have not been specified except for the requirement that x[x 2 x 3 form a right handed rectangular system because eqs (1) and (2) A set of elastic compliances can be determined from the preceding equations in the following manner: Assume that values of Y f and G v have been determined on at least four rods. Equation (6) is written for each value of Y f and the resulting system of simultaneous equations is solved for s n , s 33 , 2si 3 +$44> and $12-^11+^44/2. These results are used in eqs (8), (9), and (7) to calculate values of G f from the measured values of G v . Equation (7) 
Relation of Elastic Moduli to Resonance Frequencies
The values of Y f and G v needed for the calculation of the elastic compliances were obtained by resonance frequency measurements on slender, cylindrical rods. Young's modulus was calculated from the longitudinal resonance frequency for the five longest rods and from the flexural resonance frequency for all of the 16 rods used in this investigation. The shear modulus was calculated from the torsional resonance frequency of all 16 rods. For both of the Young's modulus calculations, the equation relating the resonance frequency to the appropriate modulus is approximate but the approximations are very good.
For longitudinal vibrations, Young's modulus of an isotropic medium can be calculated from Rayleigh's equation [16] which can be written (10) where p is the density in g/cm 3 , I is the length in cm, / is the fundemental longitudinal resonance frequency in cycles per second, <r is Poisson's ratio, r is the radius in cm and Y is Young's modulus in dynes/cm 2 . The term in parentheses is the Rayleigh correction term for the finite thickness of the rod and neglects higher powers of r/l. For the values of r/l used in the present work the difference between values given by Rayleigh's equation and a more accurate treatment by Bancroft [17] is much less than the experimental accuracy. The correction term should be modified for nonisotropic material, but a good estimate of the correction can be obtained by using an average value of Poisson's ratio in the (10) should be very accurate despite the fact that rutile is nonisotropic.
For flexural vibrations of a cylindrical rod of isotropic material the best existing-theory seems to be Pickett's [18] differential equation. 3 The result obtained can be expressed as the result for a rod of infinitesimal thickness multiplied by a dimensionless correction factor, T. This result is F=0.31547 P (11) where the symbols have the same meaning as in eq (10) except that here / is the flexural resonance frequency.
Tefft [22] has calculated a table of T from Pickett's differential equation as a function of r/l and Poisson's ratio. Fortunately the T values are nearly equal to one and depend very little on the Poisson's ratio value for small r/l. The values of T for o-=0.30 were used for all calculations. The whole subject of the determination of elastic moduli of isotropic materials has been summarized [23] recently.
For torsional vibrations of an isotropic cylindrical rod, the equation
.
FIGURE I.
Method used to measure torsional resonance frequency of short rods (about 6 cm. long).
The fine phosphor bronze springs have sufficient flexibility to permit relatively free specimen vibration and Nave sufficiently low damping noi to cause excessive power loss.
•' This equation should not linn derived by Timoshenko • eon fused with an approximate differential equa-»| and studied by Goens [20] and by Picketi [21] .
is rigorously true. Here / is the torsional resonance frequency and the other symbols have their previous meanings. The significance of this equation for crystalline cylinders has been considered by Brown [13] and by Hearmon [15] . The details are complicated, but the result is, as previously stated, that for sufficiently slender rods eq (12) gives G p and eqs (10) and (11) give Y f . The density value of 4.250 g/cm 3 reported by Swanson and Tatge [24] was used.
Method of Determining Resonance Frequencies
The general procedure for measuring resonance frequencies of slender cylinders has been described previously [11, 23] . The specimen is suspended by fine threads tied in such a manner that free vibration is unimpeded; i.e., the threads are tied near the nodes of the vibrational mode being investigated. Vibration is excited either by air drive with a loudspeaker or by driving one of the suspending threads with a transducer. The resonance is detected by a pickup attached to another thread. The resonance frequency is measured with a crystal controlled counter having an accuracy of ±0.1 c/s.
This method was successfully used in the present work for all resonance frequencies except the torsional frequencies on rods 26 through 30. In the case of torsional vibration the resonance frequencies are so large and the amplitude of motion so small that the resonances could not be detected using cotton or silk thread. A special procedure, shown in figure 1 , was used. Fine springs, made from phosphor bronze wire, were used to couple the driver and pickup to the specimen. These springs were flexible enough to permit free vibration of the specimen, but had sufficiently low damping to permit adequate power transfer from the driver to the specimen and from the specimen to the pickup to allow resonance to be excited and detected. In this way the torsional resonance frequencies of specimens 26 through 30 were measured.
The value of Young's modulus calculated from the longitudinal resonance frequency was considered to be slightly more accurate than the value calculated from the flexural resonance frequency and was used in subsequent calculations when it was available (i.e., for those rods for which the longitudinal resonance frequency could be determined).
Results and Discussion
The flexural and longitudinal resonance frequencies are given in table 2 together with the reciprocal Young's modulus values calculated from these frequencies. Table 3 gives the corresponding torsional resonance frequencies and reciprocal shear modulus values. The values of l/Yj, Q, and f were used to write eq (6) for each rod. The resulting set of Mi simultaneous equations in four unknowns was then solved for the four linear combinations of • ">*, • > Specimen number 
appearing as coefficients in eq (6). The process of solving an overdetermined set of simultaneous linear equations for the least squares best estimates of the coefficients and their standard deviations is a straightforward calculation and is described, for example, by Scheffe [25] . This calculation was done on an automatic computer and the resulting values of the coefficients are given in the first half of table 4. These coefficients were then used in eq (6) to calculate a value of 1/F/for each rod. The deviations of the calculated from the observed values of l/Y f} labeled W y , are listed in table 2 and provide an indication of how well eq (6) fits the data. These results were then used in eqs (8), (9), and (5) to obtain 1/6?/ from I/Op for each rod. The values of 1/0/ were then used in eq (7) and a least squares solution for the coefficients was carried out as was done for eq (6 It is interesting to compare the elastic properties of rutile single crystals with those of polycrystalline rutile. Huntingdon [26] discusses the problem of calculating elastic moduli of a pore-free polycrystalline solid from the single crystal elastic constants. Results calculated from theories of Reuss (which gives a lower bound) and of Voigt (which gives an upper bound) are given in table 6. The bulk modulus is determined within narrow limits but the Young's modulus and shear modulus values are not so well determined. This is a reflection of the fact that, as shown by figures 2 and 3, these two moduli depend strongly on orientation. The writers have previously used the resonance method to determine the six elastic compliances, s t jt of corundum [11] with standard deviations of about 0.1 percent for the diagonal compliances and about 1.0 percent for the off-diagonal compliances. The present uncertainties in the diagonal constants range from 0.2 percent for s n to 2.6 percent in s 66 . For the off-diagonal constants the values are 1.7 percent for s 12 and 4.3 percent for s 13 . These results are somewhat disappointing when compared with the precision achieved with corundum. Rutile differs from corundum in being more anisotropic but this should not cause such an increase in standard deviation if the orientation were constant throughout the specimen. The principal difficulty probably (2) and (7), using the least squares best estimates of the coefficients given in table 4- is associated with the small angle boundaries. If specimens free of these boundaries are ever produced it would be interesting to repeat both the pulse velocity and resonance measurements and attempt to obtain agreement to 0.1 percent in the diagonal constants. It is probably not worthwhile to attempt to improve the agreement using existing specimens. The present results are accurate enough for most purposes and the general agreement of different observers leaves no question of serious error. The value of c 33 calculated by Dayal and Appalanarasimham from spectroscopic data is in serious error, as previously noted [9, 10] , and an extension of their calculation to correct this value might be worthwhile.
